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NOTATION

Tne number in curved brackets following some of the notational definitions
is the number of the equation in the text which defines the variable. The

quantity in square brackets is the equivalent notation used in the computer

program.

A(B) Parameter in skin friction equation (II-33).

Ah(B) Parameter in Stanton number equation (II-36).

a Variables used in the Gaussian elimination method (III-16),

m5 [AM], m = 1,4.

B Exponent in expression for freestream velocity variation in
laminar similarity solution (II-28), [BS].

Bh Parameter in Stanton number equation (II-36).

B Parameter in skin friction equation (II-33).

bl...b5 Coefficients in equations (III-7,8), [B].

C Constant of proportionality in expression for &* in laminar
similarity solution (II-28), [C].

Ca = 2(5*/rw) cos o, parameter related to axisymmetric flow
appearing in equation (II-14), [CA].

Cf = Tw/(peUz/Z), coefficient of skin friction, [CF].

Cp Specific heat at constant pressure.

c = (6*/¢c,,) (W/U)/ [(3(u/U)/9n], longitudinal curvature parameter

v in equation (IV-2), [CU].

CU Parameter in skin friction relation (II-34), [CMU].

c, Radius of longitudinal curvature in the same unit as x, [CW].

Cor+Cg Coefficients in equations (III-4) and (III-5), [CO...C8].

d pe/p, density ratio, [D].
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(peU-pu)/peU, velocity defect variable, [FP].

Transformed independent variable defined by equation (ITI-3).
(h; - h°]/(h; - hr), enthalpy defect variable, [GP].

(he - hr)/he’ [BH].

Static enthalpy.

Arbitrary reference enthalpy.

h + u?/2, total enthalpy.

Indices of variables in the x and y directions respectively,

[1,3].
Specific heat ratio, [SHR].

X, = X position at which RL is defined in laminar

similarity (II-28).

Freestream Mach number, [M].

G*UX/U, parameter in equation (II-14), [P].
Ré*P, parameter in laminar similarity flow, [P].

v/vg, Prandtl number, [PR].

(v, - v)/(veg - vg), turbulent Prandtl number, [PRT].

e

(peUG*)x/peU, parameter in equation (II-14), [Q].
RS*Q’ parameter in laminar similarity flow, [Q].
Local heat flux (II-4b).

rwxd*/rw’ [R]‘

RS*R’ parameter in laminar similarity flow, [R].

(x2 - xl)U/v, Reynolds number in laminar similarity solution,
[RL].




=
i

6*U/v, Reynolds number based on displacement thickness, [RDT].

&%
r = rw(i) + y cos a(x), radius of a point in the boundary layer
in the same units as x.
" Radius of surface in the same units as x, [RW].
SC Sutherland constant (II-18), [STC].
I ° -
St = qw/[peU(he hw)], Stanton number, [ST].
er = qw/[peU(he - hr)]’ reference Stanton number, [STR].
S, Characteristicssize of roughness elements in the same units
as x, [SW].
T Proportion of turbulence viscosity in effective viscosity,
(Iv-4), [TURB].
U Freestream velocity; arbitrary dimensional units, [U].
UL Freestream velocity at x, in laminar similarity solution
in the same units as U, fU(Z)].
u,v Time average velocities in the x and y directions re-
spectively.
u. = V%w/pw, skin friction velocity in the same units as U.

V,VP Functions used in the solution of equations (III-16), [VH,VHP].
VC Correction factor which accounts for influence of longitudinal
wall curvature on the effective viscosity, [VHP].

-v'h! Reynolds heat flux.

-v'u' Reynolds stress.

v, Wall transpiration velocity in the same units as U, [VW).

X Streamwise coordinate; arbitrary dimensional units, [X].

Ax Xii1 " %50 numerical integration step in the streamwise
direction, [DX}].

y Coordinate normal to wall.

y* sw¢§757v, wall roughness scaled on law of the wall coordinates

S [YPS].
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¢,

Angle of the tangent to the surface with respect to the axis
of symmetry.

6*(dp/dx)/1w, the Clauser equilibrium pressure gradient para-
meter, [B].

/%w/pUz, ratio of skin friction velocity to freestream velocity,
[GAM] L]

f:(ﬁeﬁ - Bﬁjﬂﬁeﬁ(r/rw)di, displacement thickness in the same

units as x, [DT].

f:(ﬁ-ﬁ)/ﬁ(r/rw)di, kinematic displacement thickness in the

same units as X.
y/8%, nondimensional coordinate normal to wall, [Y].

O e = = P -
fo pu(U-u)/(peUZ)(r/rw)dy, momentum thickness in the same

units as x, [MT].
0.41, von Karman constant, [SK].
Molecular kinematic viscosity.

Effective kinematic viscosity (II-5a).
Effective kinematic conductivity (II-5b).
Molecular kinematic conductivity (II-4b).

Density.
Local shear stress (II-4a).

ve/UG*, nondimensional effective viscosity (II-17a), [VE].

RS*T’ nondimensional effective viscosity in laminar starting
flow, [VE].

veg/UG*, nondimensional effective conductivity (II-17b), [VEG].

s e - 0 ) ) » ~r .
J,(pu/o U, - h°)/ (v - h ) (r/r )dy, integral enthalpy
thickness, [HF].

Inner and outer effective viscosity functions shown in Figure 2.
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Kyv/T/p/8*U, coordinate normal to wall in outer effective vis-
cosity hypothesis, [CHI]J.

kyvt/p/v, coordinate normal to wall in inner effective viscosity
hypothesis.

Superscripts and Subscripts
Evaluated at asymptotic matching point, [( )A].
Evaluated at edge of layer (except for ve(n=ne) = Ve ), also
{oe]
used to denote equilibrium f' and g' functions.
Evaluated at wall, [( )W].

Differentiation with respect to X.
Evaluated at initial x station.

Evaluated at the edge of the layer, mn»», [( )E].
Differentiation with respect to n = y/&*, [( )P].

Used with u,v, etc. denotes untransformed coordinates. Used
with functions of x only, denotes average value,

Denotes quantity in similarity starting equations which have

different interpretation in laminar and turbulent flows,
see Section II, Initialization.

Denotes subroutine of program.
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-I. INTRODUCTION

Studies of boundary layer flows have been made for two reasons; one
is the practical need for boundary layer solutions in design problems; the
other is the desire to achieve a better theoretical understanding of the
mechanism of boundary layer flows. The calculation method described herein
was designed to expedite both of these objectives. It makes recent advances
in the state of the art available in the form of a convenient tool for those
who are interested in ends rather than means. For those concerned with
theoretical investigations of boundary layer flows, it overcomes the techni-
cal problems of solving the equations of motion and thereby emphasizes the
physical assumptions necessary to circumvent our ignorance and inability
to describe basic turbulent transport processes. A variety of assumptions
can, therefore, be tested free from approximations related to the solution
of the equations. Although a specific turbulent effective viscosity
hypothesis is included in the program for practical calculations, it is
wholly contained in a subroutine. The subroutine may easily be replaced
by an alternative form.

The present report is an extension of Reference [1] to compressible
flow. Also described are significant improvements and simplifications of
the numerical method which apply to both incompressible and compressible
versions of the program.

The compressible version of the program includes solution of the ther-
mal energy equation and allows for necessary fluid property variations.
Comparison of compressible flow data and heat transfer data may be found
in Reference [2]. Somewhat more involved extensions of this program have
also been used to investigate more complicated models which calculate
mean turbulent energy fields and, at the Stanford Conference on Computation
of Turbulent Boundary Layers [3], have been compared with calculations using
the more simple effective viscosity hypothesis. This simple hypothesis
performs remarkably well in predicting data and this has now been well
documented in the literature [4,5,6]. Therefore, it is possible to con-
centrate on computational details in this report. Also, of course, the
program can be operated entirely in a laminar mode where the problem is

purely numerical.



Various versions of the program have now been in existence quite a
number of years. However, it is one matter to have a program that works,
but it is another matter to publish a program for general consumption to
provide.éﬁfficient (though not exhaustive) documentation. Furthermore,
considerable effort has now been expended to enable the program to handle
flows of wide generality while avoiding numerical trauma.

Aside from the capability to compute planar or axisymmetric, laminar
or turbulent variable property flows with arbitrary pressure gradients and
heat Pransfer, provision has been made to calculate flows with longitudinal
wall curvature, transpiration or aspiration and wall roughness. In these
latter cases, predictability of data has not yet been documented in the
literature; however, informal comparisons have been favorable. Internal
means to effect transition from turbulent flow have not been provided;
rather a transition factor (TURB), which varies from zero for laminar flow
to unity for fully turbulent flow must be provided by the user as input.
Undoubtedly, existing transition data could be incorporated in the program
on a purely empirical basis, or, hopefully, a meaningful semi-empirical
model of transition will be constructed in the future.

This manual is intended to be more than a catalog of the inputs and
outputs. The boundary layer equations of motion are traced up to the point
of being recast for computation in considerable detail. The alternative of
reading in an initial profile or internally generating approximate laminar
similarity (Falkner-Skan) or turbulent similarity (equilibrium) profiles
is discussed. Then a step-by-step description of the function of each
section of the program is given along with a flow chart and a list of
notations. Finally, the practical problem of setting up the input parame-
ters to calculate a specific flow is considered. Users who are not inter-
ested in the theoretical basis of the calculation method may skip directly
to Section V, the description of inputs and outputs. Then if specific
questions arise, reference can be made to earlier sections.

The basic numerical scheme can be described as an implicit, Crank-
Nicholson method resulting at each station in an ordinary differential
equation. The ordinary differential equation is solved using a Gaussian

elimination method to solve the characteristic matrix. This method is



fast and stable and the split boundary conditions are simply satisfied in
a single pass out and back through the layer. -

A calculation method such as this must be regarded as flexible so
that improvements can be readily incorporated as they become available.
With this in mind, the guiding principle.in the design of the Fortran
coding was clarity of expression. Therefore algorithms were chosen which
were primarily explicit, and easy to undeistand in order to conserve pro-
gramming time, and only secondarily efficient in terms of calculation time.
When calculation time becomes an important factor for a spec1f1c version
of the program a competent systems programmer will be able to make the
coding more expeditious possibly at the expense of clarity.

Two computer facilities were used at various times. One was the
Princeton University Computer Center which is partially supported under
National Science Foundation Grant NSF-6P579 and the other was made avail-
able by the Geophysical Fluid Dynamics Laboratory which is a division
of NOAA.



II. ANALYTICAL FUNDAMENTALS

Equations of Motion

The equations governing the flow of a compressible, two-dimensional -

boundary layer illustrated in Figure 1, are*

(L?
Sféé + arpv =0,
0x dy
pi 24 pv oo &, 1200
9x Ay dx r 3y
A IR )
90X oy T Jy

where T(X,y) = rw(i) +y cos o (x) and h° = h + u?/2.

apply to laminar or turbulent flow if the definition of

taken to be

I
dy

b= BT,
ga)',

T and q

(I1-1)

(I1-2)

(I1I1-3)

The equations

are

(II-4a)

(II-4b)

* The overbars are used to distinguish the untransformed variables from

the transformed variables which are introduced later.

However, the de-

pendent variables should at all times be interpreted as time averaged

quantities in tubulent flow.
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b.) Description of Velocity and Total Enthalpy Profiles

Figure 1. TIllustration of Notation




where -u'v' is the kinematic Reynolds stress and -v'h' 1is the kinematic
Reynolds heat flux and h = (p/p)Y/(y-1). We next define an effective vis-

cosity and an effective conductivity so that

T/p = v (3u/3y) , (II-5a)

/P = v, (3h/3y) (II-5b)

Veg = Gg’ the molecular kinematic vis-
cosity and conductivity respectively.

For laminar flow Ge =V and

The boundary conditions are

u(x,0) =0 |, (I1I1-6a)
v(x,0) = Gw(i) or pv(x,0) = Bwﬁw(i) , (I1-6b)
lim § o o r _
_ .[ [peU(x) - pu(x,y")] (?;—) dy' 1is bounded, (II-6¢)
y -5 ©0 o W
h°(x,0) = he(X) or q(x,0) = aw(i) , (II-6d)
lim y o o r -
- f pu[h; - h®(x,y")] <r—-) dy' is bounded. (II-6e)
y -»> © o w

For convenience it is useful to transform equations (II-1,2,3) so
that they appear closer to their planar form. This can be accomplished

with a variation of the Probstein-Elliott transformation, [8]. Thus,



Yoo o _
[rx,y0/e,] @7t
(¢}

<
It
—

u(x,y) = u(x,y) ,
p(x,)’) = p(;(:)') >
h° (x,y) = h°(x,y)

Using this transformation and the resulting relations

equations (II-1,2,3) become

arwpu oV

ax dy

1
T

where now T/p = (x/x,) v (du/dy), q/p = (r/z,) veg(ah/ay),

2

— i - - 2
pv = (r/rw) PV + yzpu, and r° = T, (x) + 2y rw(x) cos a(x).

The form of the boundary conditions is unchanged.

(I11-7a)

(11-7b)

(I1-7¢c)
(I1-74d)

(II-7e)

(11-8)

(I11-9)

(I1-10)

(I1-11)



u(x,0) =0, (I1-12a)
v(x,0) = vw(x) , (II-12b)

lim y
y>=), [U(x) - u(x,y')] dy' is bounded, (I1-12¢)
h®(x,0) = h°(x) or q(x,0) = q (x) , (II-12d)

lim y

o - o ] 1] 3 -

y>e) u[he h°(s,y')] dy' is bounded. (II-12¢)

For purposes of calculation it is convenient to define a new set of
variables. The velocity and total enthalpy profiles are expressed in

defect form

pU(x) - oulx,y)

f£'(x,n) = s (II-13a)
PU(X)
' ) h; - h° x,y)
g'(x,n) = R (1I-13b)
h; - hr
p_(x)
d(x,n) = 5%;7;7 , (II-13¢)
R 4 -
L ) (II-13d)

The choice of (II1-13a) is made because the calculation method is histori-
cally oriented toward turbulent flow in which case a defect formulation is
convenient. Also some convenience results when considering outer boundary

conditions. The coordinate, y, is normalized by ¢&*(x) = f: (peU -

pu)/peU dy. The more conventional scaling for laminar flows would be



Ai/vx, but this is not meaningful in the turbulent case. Still no gener-
ality is lost since &* will be proportional to /vx in the important
Falkner-Skan laminar similarity flows. Finally, with an eye toward tur-
bulent flows, the effective viscosity, Ve and veg are normalized on
Ud* so that T = ve/Ué* and Tg = veg/UG* in turbulent flows T and
T are prescribed functions of the local mean flow variables, whereas in
laminar flows they are v/US8* and Vv/UG* P, respectively.

When rewritten in terms of these variables, equations (II-9), (II-10),

and (II-11) become

Q+Cm L[aa-en1't + {@+R) (-5 - P S ag"
- an ) N peu - fx
P S*E | ar Pd + 6*d ' '
F@r RO -8 - - Sy - (pa +8*a )2 - £) [ £
pwvw
-l @Q+R) (n-f) - 5. - 8% | d' + P(d-1) + &%,
= (1 - £f') d*af) (11-14)
(1+¢C £ " B—‘;'—I—Mez e d2(1-£1)2]"
aT])d g_H 1+k_1M21 v - [ (")]
2 e ) eg
pwvw
+ [(Q + R)(n - £) - G*fx - 5.0 gh=(1-f£") &g , (I1-15)

k-1
2 [l t =5 Me] a - Hg')

d = (I1-16)

1+ /1 + 2(k-1) M ?(1-£") (1+ 3‘-;_—1Mez) (1 - Hg')

9



where, P = 6*UX/U, Q = (d*peU)X/peUJ R = 6*rwx/rw, Ca = 2(6*/rw) cos o,
and H = (h; - hr)/h;. The form of the functions T and Tg’ as given

in Reference [2], is

6 | ¢QxR)

T = — T o) - X |, (II-17a)
and
\)/\)oo 1 v/v
T + T - , II-17b
g RePp Py Rgx ( )

where X = ny/f/;}SE U, R = Uﬁi/v(n) and (v/v ) are obtained from the

Sutherland molecular viscosity relation,

% th /C_}+ S
v =(}Bl_> g_e—P)——C : (5. = 110° Kelvin for air).
Vo e (h/cp) + sc .

(I1-18)

The functions ¢ and & are defined in Figure 2. Finally the boundary

conditions are

f(x,0) =0, (II-19a)
f'(x,0) =1, (I1~19b)
lim - .
T30 f(x,n) 1, (II-19¢c)

** The primary requirement is that f£(n) be bounded as mn»». However, so long
as n = y/8§* the limit value is unity. On the other hand, throughout this
text, &* could be considered simply as an arbitrary scale length, where
f(~) would assume the requisite value such that f£(«)8* is the real dis-
placement thickness.

10
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Figure 2, The Turbulent Effective Viscosity Hypothesis
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h; - hw(x) 5*qw(x)

g'x,0) = ————— or g"(x,0) = - —mm | (I1-19d)
h® - h p. v (h®-h_)
e T Ww e T

%ig g(x,n) 1is bounded (II-19e)

The complete set of equations described above is sufficient to calcu-
late the development of a boundary layer. However, small inaccuracies in
the numerical solution which are negligible after one step in x, are
frequently cumulative. Greater accuracy can be achieved simply by correct-
ing the integral parameters such as &* and 6, obtained from the numer-
ical solution of equation (II-14), by referring to a numerically more
accurate solution of the same equation. This form is obtained by first
integrating equation (II-10) across the layer which yields the von Karman

integral momentum equation.

d ) du _
ax (TPl 6) + r,8*p U ax - Swl(T T pwku)' (11-20)

Then, as suggested by Coles [9], equation (II-20) may be integrated with

respect to X between two X stations X: 1 and X, . The result is

2+H -
[erwpeU ]. Xi Cf pwvw x
-—.___________]:- = exp —_— F ——_ d <:> (II-Zl)

2+H
[SrwpeU ]i_l X;_1 e

where 6, the integral momentum thickness, is defined as

© nu u
8 = =_ {1 - _.) d -
."O X ( 7)) 4, (11-22)

12




where H, C., 8 and (5;3;/5;5) are average values in the interval (xi-l’
xi). Therefore, the left side, COFl, and right side, COF2, of (II-20) are
first calculated and the calculated value ei is corrected by multiplica-
tion with the ratio COF2/COFl1. As an indication of the level of correction
that has occurred, both COFl and COF2 are printed out. Furthermore, if
the finite difference solution were completely consistent, the left-hand
side of equation (II-14) as evaluated from the results at any two stations
i-1 and i, and the right-hand side obtained from the average skin fric-
tion coefficient and transpiration rate in effect between i-1 and i
would be equal. The amount of imbalance is a check degree of accuracy of
the finite difference solution.

A corresponding integral energy equation can be obtained by integrat-

ing equation (II-11) across the boundary layer and then with respect to

X between x. and x.,
i-1 i
[rwpeU(he_hr)uj. *i _ PV ; - hw x
_ 1 = eXP Str + d (:—) ,
°_ U h® - h
[ereU(he hr)w]i_l o o - h_ v

(1I-23)
where Y, the integral enthalpy thickness, is defined as,
m . h® - h°
P = £ 2 dy (11-24)
peU h; - h
o T

The left and right sides of equation (II-23), COGl and COG2, respectively,
are also printed as an indication of the accuracy of the numerical inte-

gration of equation (II-15).

13



Initialization

In order to compute a solution of equations (II-14) and (II-15) it is
necessary to prescribe the velocity and total enthalpy profiles at the
first x station. Although one may read in these profiles as input data,
often they are not readily known. What is likely to be known is the nature
of the conditions under which the boundary layer developed in some region
before the initial x station.

The difficulty here, which is not encountered in an incompressible
flow, is that similarity solutions have not been found for the general
case or compressible (laminar or turbulent) flows with heat transfer.
Therefore, for the present purpose, a method of approximating these
initial profiles has been provided which gives adequate results for more
general cases and reduces to the exact solutions for incompressible flows.
If more general similarity solutions become available they could be in-
cluded at a later time. The two classes of approximate starting solutions
which have been provided are generalizations of the Falkner-Skan family of
laminar wedge flows including the flat plate and the stagnation point flow
and the Clauser [10] equilibrium family for turbulent flows. Actually,
most initial conditions of practical interest can be obtained accurately
using these similarity solutions. The solutions for the whole class of
laminar flows are correct since the flow in the immediate neighborhood of
the forward stagnation point is both laminar and incompressible. Further-
more, both laminar and turbulent similarity solutions are exact at zero
pressure gradiant.

The calculation of these similar solutions requires relatively -imple

approximate specialization of equations (II-14), (II-15) and (II-16).

14



Approximate laminar similarity flow

To begin with, in the laminar, Falkner-Skan case, it is convenient to
multiply the similarity version of equations (II-14) and (II-15) by RG*'

Then setting f!' = f = g!' = 0 the result is
X X X

[} -

- {(1 * Cgn) gi' [d(1-£9)1" } + [ Q* + R¥) d(n-f) - d R £

6*

-

PyVy
p Y

-

p Vv
+ [(Q* + R*) d'(n-£) - (P*d +Ry, 6%d ) (2 - £') - Ezﬁ!'Rﬁ* arl £

+ (Q* + R%) d'E + P*(d-1) - (Q* + R¥) nd’

pwvw
* Rgx d*dX + peU Rd*d' =0 (I1-25)
]
* k-1 2
(L +Cn) Eg— g' - 2 Me L [d2(1-£1)2]"
a’d H (1 Sy 2) T3
2 e &
pwvw
+ Q* + R*) (n - £) - peU Ré* g" =0, (I1-26)
where
P* (k-1) Me2 (1 + 5%1 Mez) [1 - Hg* - d2(1-f")?]

RS*_G*dx = (I1-27)

1 + (k-1) Me2 d(1-£")2

15



and P* = 6*2U /v, Q* = Rg, (o US¥) /(o V), R* = Rg,r_ G

T* = TRG* = v(Mn)/v(=), Tg* = TgRG* and Ca is the quantity 2(6*/rw) cos o

evaluated at x,**.

The parameters P*, Q* and R* may be specified in two ways. One is by
assuming the mainstream velocity distribution, U(x), and displacement
thickness &*(x), (see [11] page 143) to be of the form

1-
B
U(x) =( %) and 6*(x) = C (L) respectively. (II-28a,b)

%

A value of B = 0 in the relations above corresponds to flat plate flow
and B = 1 corresponds to stagnation flow. Intermediate values of B
represent wedge included angles of approximately 2mwB/(B+1) (radians).
For cones B may also be related to the cone included angle; see, for
example, Reference [12] page 428. The parameters needed to solve equa-

tion (II-25) and (II-26) can easily be shown to be

P* = CZRLB , (I1-29a)

Q* = C2RL [B(l—Mez) + Y (1-3)] , (11-29b)

R* = CZRL Lx /r, . (I1-29¢)
X

where RL = ULL/\)°° and C is determined in the. course of solution so that
1

f(») = Thus, R B, and L r. /rw specify the starting condition.

L)
X

**With the exception of the limit case of axisymmetric stagnation point
flow, exact similarity solutions do not exist at the vertex of cones; where
§*/r is singular, the extent of the excluded region increases as the
angle of the cone decreases. However, the procedure recommended here is
probably sufficient to give good accuracy downstream of the vertex.
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The other method of determining these parameters is to specify P¥*,
R¥, US*/v and (vw/U) RS*' Then equation (II-25) may be integrated
across the layer and the result solved for Q*. In this case Q is
evaluated iteratively in the course of obtaining a solution as described
in Section III. The form of this integral is given below in conjunction

with the turbulent case.

17



Approximate turbulent similarity flow

In the case of incompressible equilibrium turbulent flow, it is known
that (U - u)/(yU) = fé (yy/8*) 1is invariant with x, in which case (see
Reference [4]),

§*vy
G*fx = Y nf' , (I1-30a)
G*Y
X "
6*f; =y (nf" + £1) , (I1-30b)

where Yy = /E;?Ei

It is reasonable to make the same assumption for fé (yy/8*)

(pU~pu)/p u_

1 1 * - °_1°
and furthermore to assume g, to be of the form g, (yy/d*) = [peuT(he he)]/qw
so that
*
° Strx 6* X
S*gy = g' + 21X ngn (11-31)
Str Y

Finally, the exact expression for S*dx obtained from (II-16) is

<L oM?) - Hg - a2ae£)?)

1+ (k-1) Me2 d(1-f")?

P(k-1) Me2 (1 +

§*d_ =
X

(k-1) M2 a®(1-£7) &+ - (1 KL u 2)  Hgwg:
e X 2 e X
+ i (11-32)
1+ (k-1) M_? d(1-£")?

In constant property flow the factor 6*YX/Y can be obtained from

the skin friction equation for equilibrium flow (see Reference [5]),

18



1 1 6*U
;-: E-loge Vw + A(B) + BS . ) (11-33)
Assuming this relation to be approximately valid for variable property

flows yields

=- (/x) @+ cCpP), (11-34)

where

c, = g 1.5 - [ 1+ (sccp/h;) ( 1+ E%E_Mez)] _1§ (k-1) M_2.
(I1-35)

Furthermore, the Stanton number equation for constant property flow, which

corresponds to (II-33), is of the form

Y -l SV LA @) +B (II-36)
S k %8¢ v Ay h °

Again taking this relation for varibble property flow yields,

8*S Y + Str/Y

tr
= - (Q + C P) . (II-37)
Ser - o H

Therefore, equations (II-14) and (II-15) may be rewritten in the form
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T ' ’ 6*Yx pwvw
] A Cm g AA-ENITE + (@R AM-D) - o nd - d R g

*

Y PuY
+ {(Q +R) d'(n-f) - (Pd + &*d,)(2-f') - (1-£f')(d-nd") - X pWUW d'} £

P,V

+(Q+ R) d'f + P(d-1) - (Q + R) nd' + §*d_ + p“U“ v =0 , (1I-38)
e

and
[
T E:l.M 2
2 e T 2 2
(1 +Cn £ g - — = _ 1 [d2(1-£") 2]
a’ d (1 k-l y ?) T
2 e

§*S
pwvw trx
n- g" - (1-f") g' = 0.
peU Str

*
) Yx
Y

+ 1 Q+R)(n - £) -

(I1-39)

It still remains to specify the parameters P and Q. P can be

prescribed in two ways. One is to set § = (6*/Tx) (dp/dx) from which

P=- (Cf/Z)B. (I11-40)

This is quite satisfactory except for initial equilibrium boundary layers
near separation. In that case, another approach is necessary since

B+« and Cf + 0, making equation (II-40) impractical for numerical
computation. However, as is shown in Reference [5], P is well behaved
near separation and approaches the limit P = -0.00948 in incompressible
flow as B + ». This limit is virtually independent of Reynolds number.
Therefore, for large values of B, if P is fixed, the solution converges

rapidly.
20



As in the laminar case, Q can be obtained from the integral of
equation (II-38) across the layer. In both laminar and turbulent flow
the resulting expression for Q is

[o o] .
~ -

[RA(n-£) + (y/K) C, Pnd - d(p v, /p U)] £

o

+ [RA'(n-6) - (Pd + 8%, ) (2-f')

Nl H-)O
+
g

+ (1-£')(d - nd") (¥/K) CP - (Dwvw/peU) ar] £

A

+ [RA'F + P(d-1) - Rnd' + §*d_+ (pv /p,U) d']

L A —

~-
[d(n-£) +(y/k)nd] £" - (n - £) d!

dn

+ [d'(n-f) + (1-£') (d - nd") (y/x)] £'

(11-41)

where

2 k-1 2 2 2
P(k-1) M_ (1.+ L ) 11 - g - a2(-£1)?]

1+ (k-1) M2 d(1-£7)?

S*y

~X

(k-1) M_? d*(1-£') (£' + nf")

~

+

1+ (k-1) Me2 d(1-f')2

k-1 "Rtz 6*Y, .
(1 + = Mez) H | —5 X gt + Y”X g" n
- B ~tT ~ (II-42)

1+ (k-1) Me2 d(1-f')?2
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i = * = * = * = * : =
For laminar flow B P*, R=R and Y 8 Yx/Y ) Strx/str 0,

whereas in turbulent flow P = P, R=R, y= /_Ef/Z and 6*YX/Y and

~

8*S,_ /S are given by equations (II-34) and (II-37) respectively.

~tr_ ' ~tr
X
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ITI. NUMERICAL METHOD

Equations (II-14) and (II-15) which describe the boundary layer flow,
are nonlinear partial differential equations, parabolic in the flow direc-
tion. There are two phases of the procedure of obtaining a solution to
these equations. The first phase is the conversion to ordinary differen-
tial equations using finite differences for the x derivatives. The
second phase is the method or solution of the resulting ordinary differ-

ential equations.

Reduction to Ordinary Differential Equations

In the first phase, the x derivatives are represented by finite
differences in the x direction according to an adaptation of the Crank-
Nicholson {13] scheme. This method is of the implicit type. It is always
stable and the error is of second order in the x step size.

The development of the difference equations is most clearly portrayed
in three steps. The first step is to write equations (II-14) and (II-15)
in terms of average functions at a point halfway between the x position

of the known profiles, X; 1o and that of the profiles to be calculated,
X.,
1

[@+ RM-B) - (7,/5,0) - #EJ &1 + B@E-1) + §+3_

= (1-f') &=df! , (11I-1)
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T, Y (k-1)M_ T
a+cm ] e- ° — - 1) [d*(1-£")?]"
a H[1 + Y2 (k-1)M 2] T,

s { @ DOE) - GI/AD - BE L s 0 B . A1)

Then using the relations

[ VA -3 ' -
f z(fi + fi-l)’ etc. (I11-3)

Equations (III-1) and (III-2) can be written in terms of functions at

positions X and X, as follows

T o 1] n - ' ' - - 92a T _ 1
TS Ty e ) e () g 2eg - 20, (8] - £ ),
(I11-4)
- - e " " _ 92 _ ' _
gl = -gj_; * (g vgl ) o- 2¢5(8; -85 1) s (I1I-5)
where
]
0 - - { L+ cCn) T e - (d'/d)(l-f')]} , (111-6a)
i
!
T (k-l)Me2 o
gl =- | @+cn 35- g" - =~ 1 }d(1-£)[d" (1-£")-df"] ;
1 H[1+%&(k-1)Me2] g
i
(III-6b)
T = ¢ '+ ¢ £ +c -c (£! - £ ), (I1I-6c)
i-1 1 1 i-1 2i—1 i-1 31_1 41_1 i i-2
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and
c, = @+ Ry(n-£f) - (p v /o U) - 8*f, ,
c,=c¢ d ,
c, = cod' - (Pd + G*dx)(Z-f') s
Cy = - cod' + P(d-1) + G*dx .
cy = d(1-£f')6*/Ax ,
C; = Cy s
cg = (1-£')8*/Ax .

Finally the form in which these equations are solved is

1 ! —
[bg(£" + bg)] = by + byff + b £l

[b,(g" + b)]' = by + bl +big!
1

171

where the coefficients for the f' equation are

25

(III-6d)

(I1I-6e)

(III-6f)

(III-6g)

(III-6h)

(I1I-6i)

(I1I-63)

(ITI-6k)

(I11-7)

(I11-8)

(I111-9a)

(I11-9b)



o
|

= (¢ - 1" ~ < _ ' -~ - 1 -
3 (ci ci-l)_f i1t (c2+2c4 Czi—l) fi-l + 2c3 g °4fi—2 »  (111-9¢)

o
0]

g = - [@+cm Tl (111-9d)

o
fl

- [d/d)ya-£91, , (I11-9 )

and for the g' -equation

b1 =Cy (III-10a)
by, = - 2cg + cg ’ (III-10b)
i-1
- ~ 1
b3 = (c7 - < ) gU_l + 2c8g. 1° g gi_z s (III-10c)
i-1 i-1
b, = - [(1+cCn) Tg/d]i , (I11-104d)
(k-1) M ? 7
b = - c —— - 1) d(1-£')[d' (1-£")-df"]}.  (III-10e)
H{1 + Y2(k-1) Mez] Tg

i

For the similarity starting flows, the corresponding coefficients of

equation (III-7) are

b = c d' - (Pd+8*d ) {(2-£') - (1-£') (d-nd") (§*Y,/Y), (III-1la)

o
1]

5 = [ey - n(é*y,/Y)] 4, (III-11b)
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by = - cd' + P(d-1) + &%d (I11-1lc)
by = - (L+cCmT , (III-11d)
bg = - (d'/d)(Q-£") , (III-11le)

where c = Q + R)(n-f) - (szw/peu)’

= - -f! * _

b, (1-£7) (8 §trx/§tr) » (II1-12a)

b2 =c, - n(@*zx/l,) , (ITI-12b)

b, =0.0 , (III-12¢)

b, =- (1+ Can)Tg/d s (I1I-12d)
(k—l)Mez i

bg = - o - d(1-£1)[d'(1-£') - df"] , (III-126e)
Hi1+ V2 (k-1)M 2] g

The notation is as in equation {II-41) and szw/peU = Rd*(pwvw/peu) in
laminar flow and EWXw/peU = pwvw/peU in turbulent flow.

Because equations (III-1) and (III-2) are nonlinear, the solution is
carried out iteratively., The coefficient b 1is evaluated using the re-
sult of the previous iteration. The resulting linear equation is then
solved for f' and g'. &* 1is adjusted so that f(e) = 1 to some
specified accuracy and the parameters P, Q, R and Ca ~are recalculated
as are the effective viscosity functions, T and Tg' Then the cycle be-
gins again. (To start the calculation at the new x station, the values
of f' and g' from the previous x station and the parameters P, Q,

R and C, and the effective viscosity function are calculated based on an

extrapolated value of &*.)
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Solution of Ordinary Differential Equations

Equations of the form (III-7) are solved by applying a Gaussian elimin-
ation procedure to their characteristic matrices (see for example p. 200 of
Reference [14]). This method is ideally suited for boundary layer equa-
tions because the problem of matching split boundary conditions is overcome
so effort!/ essly.

In order to apply this method to equation (III-7), f£', for example,

must be transformed according to the relation,

~

Fro= £ +j’2 bedn . (III-13)

In terms of this variable equation (III-7) is written,
/\” ' _ l\' A' _ _ n _
(by£")' = by + bf' + by - bb, blfo bedn . (I11-14)
Through the use of relations such as

fro= (£
; (

IR VIR D I (111-15)

j-1

equation (III-14) can be expressed as a set of simultaneous equations

_ . A' _ /\' - _
as f3+1 + az.fj al.fJ—l 2, , (I1I-16)
J J J
where the coefficients of the characteristic matrix are as follows,
<b4.'b4. 1> by
a, = - l ) - ] , (I1I-17a)
j (175 (ny-ny_4) (nj+1—nj_1)
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4. 4. 4." "4,

a, = - 1 B St b R B 12 T b, (I1I-17b)
<P4.+1+b4.> b,

a, = - J J + J (I1I-17¢)
3. _ _

j (nj+1-nj_1)(nj+1 nj) (nj+1 nj_l)
_ _ _ n -
a4j = b3j szbsj b, So bedn . (I11-17d)

A solution for fj can then be anticipated in the form

=v, £ sV, (ITI-18)

M)

If (II1-18) is substituted into (III-16), Vj and Vp are found to be

J
23,
vy = J , (I1I-19a)
az - a1 Vj-l
j j
a +a, V
R R
v, = . (III-19b)
) 8. 7 %1 Y51
j i

The first step of the procedure is to calculate the functions V and

VP across the layer beginning at the wall. The wall boundary conditions
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are satisfied at this time using (III-13) and (III-18). For the momentum

equation the boundary condition is

£1(x,0) = £'(x,0) = 1.0

which can be achieved by setting

<
it

0.0

<
]

1.0 .

(I1I-20)

(III-21a)

(III-21a)

For the thermal energy equation the boundary condition with known wall

enthalpy ratio is

g' (x,0) = g'(x,0) = [h2-h’(x)]/(h-h)),

and the corresponding values of V and Vp are

<
[}

0.0 ,

<
]

[h2-he (x)1/(h3-h )

The boundary condition for known Stanton number is

g"(x,0) = §"(x,0) - b (0) = - S (x) d(x,0)/T (x,0),

so that in this case V and Vp are given by

<
It

1.0 ,

<
I}

<[54, () d(x,0)/T,(x,0) + bg(0)] (ny=ny)

30
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The complete f' or g' solution is then obtained from a combination

of equations (III-13) and (III-18),

er=v (e e (Y yoan J pdn +V (111-26)
iVt ), 5 [T p;’

The calculations begin with the freestream boundary conditions, f£'(x,®) =

g'(x,°) = 0.0, and proceed back from there to the wall.
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IV. COMPUTER PROGRAM

Program Notation

Insofar as is possible the variable names in the subroutines are the

same as those in the main program. It should be noted, however, that some

variables which are subscripted in the main program are not subscripted in

the subroutines although they are referred to by the same names.

Al...A4

BB (K)

B(J,K)

BO...B5

BS

CA =

CAl =

CHI

CHI3

CMU

Cu =

Parameters in the Gaussian elimination method given in
Section III, [a].

Dynamic storage in §FILE.

Coefficients in equations (III-7,8), B(J,K) = bK(nJJ.

(¢ - h)/h2, [H].

0.016, Clauser constant for outer portion of effective
viscosity, [K].

Dynamic storage locations.

Input for initial pressure gradient described in Section V,

[B].

Constant in equation (II-28b) for laminar similarity solu-
tion, [C].

2(6*/rw) cos o, [Ca]'

(2/r2) cos Q.
Tw/(32peU2), skin friction coefficient.
K (yVi/p/v + y;), coordinate normal to wall used in effective

viscosity hypothesis, [x].

x>

Parameter in equation (II-34), [CH]'

(6*/cw)(u/U)/[8(u/U)/8n], longitudinal curvature parameter,
c. 1.

u
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COAL

COF1

i}

COF2

COG1

C0G2

CO...C8

DB =

DDX =

DIVJ

bop

uT =

DTM =

DTS

DTX =

DTXHi

bX =

DY

cos o, cosine of angle of nose of axisymmetric body.

ar o 0Py scer p uP™). | left-hand side of equation (II-21).
w e i w e i-1
X,
exp {fxl (Cf/2 + oV, /PU) d(x/6)}, right-hand side of
i-1

equation (II-21).

(wrwpeU)i/(wrwpeU)i_l, left-hand side of equation (II-23).

x. -
exp {fxl [s

+ (o v /o U (hS - h )/ (hS - h )] dex/dY,
i-1

tr
right-hand side of equation (II-23).

Longitudinal wall curvature in the same units as X, [cw].
Coefficients given by equations (III-6), [co...cg].

pe/p, density ratio, [d].

(pe/p)i_l, density ratio at previous X station, also used in

starting flow calculation to store G*dx.

§*d_.
X

Number of divisions of input profile spacing in floating
point form.

Option number for input data, see Table 1b in Section V.
fz (585 - 5&)/5ea(r/rw)d§, displacement thickness in the
same units as X, [§*].

Vz(é? + 6;_1), intermediate value of &%, [6*].

Value of displacement thickness before displacement thickness
is altered to conform to integral momentum equation.

dé*/dx.
12[(dc5*/dx)i + (d6*/dx)i_l], intermediate value of DTX, [3;].

x_ —

X. X step size.
i i-1° p

y step size in difference equations.
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ET

FJE

FLAG

FP

FPB

FPPW

GAM

GAMX

GBC

GP

GPW

HB

HT

1B

IBC

iD

10

10P

Value of f' at which calculation of profile stops, [f!].

f(=).
Device used to sense last X station input card.

(peU - pu)/peU, velocity defect profile, [f'].
Known f' profile at previous X station, [f'b].
Velocity defect gradient at wall, [fu].

/%w/peuz, ratio of friction velocity to freestream velocity,

[yl.

Yx5*/Y, shear stress gradient parameter in starting solution
(I1-34).
The wall boundary condition on the energy equation, either

1 - o _ o _ " - _ * o _
g, = (he hw)/(he hr) or g qw6 /pw\)egw(he hr).

(h; - h°)/(h; - hr)’ total enthalpy defect profile, [g'].

(h° - hw)/(he - hr), value of g' at the wall, [g&].

(Hi + Hi 1)/2, average shape factor.

fo pu(he - h )/[peU(he - hr)] (r/rw)dy, total enthalpy

thickness in the same units as X, [V].
Index of functions of X for present calculation.
I-1, index of functions of X for previous calculation.

Index controlling mode of specifying wall boundary conditions
on energy equation, see Table la in Section V.

Dimension of all functions of X,

Input parameter designated flow inside (IO = -1) or outside
(IO = 1) of an axisymmetric body.

Option number for initialization defined in Section V.
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IS
IX
IXA

IXF

JD
JDIV
JE
JEF
JEG
JEM
JEP

JF, JL
JK

JLP
JM
JP
JY
JYM

KC
KMI

LABEL

LOOP

LOOPF

Index of first X station for which U # 0.

Total number of X station calculations read in (IX < ID).
Total number of X station calculations actually performed.
Index of first X station calculation moving downstream.
Index of functions of n.

Dimension of all functions of 1.

Number of subdivisions of input profile values.

JEF or JEG, whichever is larger.

Index of last calculated £f' profile value.

Index of last calculated g' profile value.

JE - 1.

JE + 1.

Indices of first and last points in each subdivision of the
input profile.

Index of the point at which the outer effective viscosity
reaches a constant value (see Figure 2).

JL + 1.
J - 1
J+1

Index of largest n value read in (JY < JD).
JY - 1.

Number of iterations used to calculate T and T from input
profiles.

Maximum number of complete iterations allowed to calculate
a profile.

Storage for the label which appears on all output.

Index of iterations to calculate profiles, whose maximum
value is KMI. '

Index of innerioop to calculate £’ profile.
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M

ML

MOP

MR

MT

NU

01

PB
PM
PR

PRT

QM
QRM

RB

RDF

RDT
RL
RM

RW

Freestream Mach number, [Me]'
Freestream Mach number at X = L, [ML]'

Option number controlling the mode of calculating the thermal
energy, see Table la in Section V.

Reference freestream Mach number.

fz pu(U - ﬁ)/peﬁz(r/rw)di, momentum thickness in the same units

as X, [6].
ng/[pe\)gm(he - hw)], the Nussett number.

Floating point value of IO.

G*UX/U, parameter in equation (II-14), [P].

Value of P at previous X station.
Y2(P + PB), intermediate value of P, [P].
Molecular Prandtl number, [Pr]'

Turbulent Prandtl number , [Prt]'

(peUG*)x/peU’ parameter in equation (II-14), [Q].

l2(Q + QB), intermediate value of Q, [Q].

Q + R.

T, 6*/rw, parameter in equation (1I-14).
X

Value of R at previous X station.

RG*’ = 0 (laminar starting flow); = 1 (turbulent starting flow).

Us*/v_, Reynolds number based on displacement thickness.
UL/v_, Reynolds number used in laminar similarity solution.
12(R + RB), intermediate value of R, [R].

Radius of surface body in the same units as X, [rw].
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SF

SHR

SIG3

SK

ST

STC

STR

STRX

SW

TAU

TF

TFR

TO

TURB

T /r.
w
x

8*/0.

Cp/Cv, specific heat ratio, [k].

(6.9)3, empirical constant in the effective viscosity for
the wall layer.

0.41, von Karman constant in empirical effective viscosity.

qw/[peU(he - hw)], Stanton number based on freestream to

wall enthalpy difference, [St]‘

Constant SC in degrees Kelvin used in the Sutherland

viscosity formula, (II-18).
qw/peU(h; - hr), Stanton number based on freestream to

reference enthalpy difference, [Str]'

Str 6*/Str, Stanton number gradient parameter in starting
X
solution (II-37).

Nikuradse [15] sand grain roughness scale in the same units
as X, [sw].

%/peUZ, nondimensional local shear stress.
1+ ta(k - 1)M 2,
e
1 2
1+ “2(k - 1)Mr .

Freestream total temperature in degrees Kelvin.

Input parameter which indicates what proportion (0.0 < TURB
< 1.0) of effective viscosity is laminar and what part
turbulent, [T].

Freestream velocity at each X station; arbitrary dimensional
units, [U].

Ux/U'
u/uT, ""law of the wall' velocity.
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VE
VEG

VH, VHP,
VHPP

VP =

VR

VW

XT

YPS

YY+ =

ZERO

()B
( JE
()Jp
(W
()J1,2

$C)

Nondimensional effective viscosity (II-17a), [T].
Nondimensional effective conductivity (II-17b), [Tg].

Dynamic storage

pwvw/peU, in turbulent flow and (pwvw/peU)R5*, in laminar
flow (see Table 1b).

Value of T in outer part of turbulent layer.

Transpiration velocity in the same units as U which may
be density weighted as explained in Table 1b.

Input values of x at which calculations are to be performed;
arbitrary dimensional units, [x].

Convergence criteria specifying maximum allowable variation
between results of consecutive iterations.

y/8* independent variable normal to the wall, [n].

Empirical effective roughness scale in law of the wall form,
[y*].
s

y/8*, in untransformed coordinates, see equation (II-7b).

yuT/v, independent variable in "law of the wall" region.

Very small constant.

Naming Conventions
Variable at previous X station, [( )b].
Function of n "evaluated at freestream.
Derivative with respect to n, [( )'].
Function of n evaluated at wall, [( )w].
Function of 1n evaluated at nj+1.

Denotes subroutine of the program.

The relative locations of the X and Y indices are illustrated in

Figure 3.
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x('” X(:IXF=2) X(IXA)

X(IX)
/r X(10)
a.) Relative Positions of X Indices for all Cases

Except Option 4 of Section V.

X(IE(A) X{IX)

X(IXF=3) ' - X(1D)
X(2) _{/ \/\

X(1)

b.) Relative Positions of X Indices for Option 4
of Section V.

yi yi

Y (i)

y L-
{ —

’-0
u,he Ve

c.) Relative Positions of Y Indices for Turbulent Flow,.
In Laminar Flow, Since Ly TV, JK is Arbitrarily
Set Equal to JE.

Figure 3, 1Illustrations of Meaning of Indices Used in
X and Y Notation.
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Main Program

The program divides naturally into two parts, as is reflected in
the flow chart shown in Figure 4 . The first part is concerned with
the preparation of an appropriate f'(n) and g'(n) profiles and associated
parameters for the initial x station. The second half carries the
computation forward to successive x stations. Many of the computational
patterns are similar in the two parts and it might seem that the two
could be efficiently combined. However, the differences are fundamental
enough so that the cause of clarity is best served by keeping them
separate .

The first few instructions read in all of the input data required.

The appropriate formats for the data and the requirements on the inputs
are treated in Section V. Next, the related profiles £(n), £f"(n), g(n),
g"(n) and t(n) are calculated from the input f'(n) and g'(n). Then all
of the input information and related profiles are printed out for
reference. If an approximate similarity solution is to be used to start
the boundary layer, the input profiles are merely a rough guess. In this
case, the program recalculates the initial profiles in the iterative loop
which follows. If the input profiles are to be used as they are this
recalculation is not performed. Finally, in either case, several other
initial parameters are calculated and the initial profiles and parameters
are printed out in their final form. This is the end of the initialization
portion of the program.

The forward motion part of the program consists of a loop which cycles
for each x station calculation. The loop begins by moving the known
profile into storage for the profile at the x station before the one to be
calculated. Then the input boundary conditions are printed out for reference.
This is followed by the iterative loop to calculate a new set of profiles
at the x station. Within this loop, there is an inner loop to iterate for
the f' profile. When these calculations have converged integral parameters

for that position are calculated and the integral test for accuracy is
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printed out. This process continues until profiles have been calculated
at all x stations, Finally, for convenience, a summary of the parameters

of the flow is printed out.

A listing of the program follows. The numbers in parentheses along
the right-hand margin of the listing refer to equation numbers in

Sections II and III.
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(a0 ISITIAL 7 AND g° PROFILES AND fNITIAL PARAMETZAC ]

ARATTERS PR EACH ¥ STATION )

o
[ CALCULATE (¥) % ¥(X) 1
1

XD 8 AND CALCVLATE f, (. 8. #, d A d" |

2D

[oacciiate - asy + rrev tvecy rroFiLr }

|

(CPRIST oIT THL INPUT TARIABLES AVD PARATITRE )

X
h il

(Cron_vietasie reopenry FLou RzcaLcULATE d a4t |

SET PARAMETERS
FOR FITHER LAMINAR
OR TURBULENT
fLov

LAMINAR TURBLAT

TF INPUT PROFILES
ARE CORRECT, SKIP f'
RECALCULATTON

[Cearcurare corericymms awm caLL srrorvy FoR £* souotion |

CALCIATE ¥ AND W

((FRINT OUT INTERMEDIATE f' PARAMETERS AND VARIABLES )

IF INPUT PROFILES
ARE CORRECT, SKAF R
RECALCULATION

CALCULATE COEFFICIENTS AND CALL SFROFYL FOR x' saurtion |

(C PRINT OUT INTESHPDIATE ' PARANETERS AND VARTARLES )

CONSTAXT FLULD PROPERTIES

TEST o OR "
FOR CONVERGENTF

N

[ — A

PRINT OUT PARAKETERS FOR OPTION 4, CALCULATE 8 , Rys AND PRIV [(Pu'n'v\j
.

| ror omoiar ruov, wesear »*

PRINT PROTILES AND PARAMETERS WITH SFILE

IND OF t¥ITIALIZATION

Figure 4a. Flow Chart for the Initialization Section of
the Main Program.



SEZINNING OF FORMAND
JOTION 1% X

C MOVE £/, B' AND & RACK TO MOVE FORNAXD IN X ]

(C aivT INTUT PARNTTIRS TOR WEXT X STATION )
LooP

Ny
[reencmare %, ne. ¥, o o |

RECALCULATE &, d4' AND T

CALCULATE f' COEFFICIENTS AND CALL SFROTYL FOR f° SOLITION

(@ [ AND VARIABLES )

"SET_MOVNAKY CONDITIONS OX 5’ OR & I'—j

|[CALCULATE ¢ COEFFICIENTS AND CALL $PROFYL FOR g’ SOLUTION]

PAINT INTERMEDIATE g' AND VARIABLES

FAS CONSTANT FLUID
PROPERTIES, LEAVE

{TcALCULATE INTECRAL OF MOWENTUM AND TAERMAL ENERGY EQUATIONS |

((TRINT RESULTS AS AN [NDICATION OF ACCURACT )

1
[Traser o, 67, & w0 n,e 0 matcn ¢, |
1
(fROer_PRoFILES AND P2 wITK $FILE )

Figure 4b.

— T

(Craiwr rroviLes D PARANTTZRS WITH SPILE )

( PRINT SIMMANY OF PRINCIPAL ROUNDARY LATER PARAMETERY )

the Main Program.
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80!*1!

‘ CALCULITE VE* OR VE FhE®

CALL v:s rv, 41" PEP,- GPy GEE, DP, TAU, VH, VHP
1 Tuo é ; (1), sa & BH &, TO, rﬁ(I): RDT (1), DT (1f,
2 rfJ'b & &)
sah% ;r( gg gz § PILE§ aaﬁ ﬁazcr, SKIP PP RECALCULATION #%#x%
[ ] [ )
e gggcg%$¥¥)c Errxcxzurs AND CALL SPROFYL FOR SOLUTION *%##
FPE=0,0
DO 335 J=1, JY
CH= nt(réag-rja))-vp
B(J,1‘=C 3DE (J) = (P2D (3) 4DB (J) ) % (2.=EP (J))
17 VL Y.SFP(J)) * ( (J)°Y (3) #DP (1) ) ¥5a HX
B (J, =(c8-réa)tsan LEE ()
B{J.3)=-CG*D (g)+E* (D(J)~1:) +DB (3)
B{J 4)=-(1.+CA*® {9 * zéa)t DF
B(J,5)==DP (J)/C (J)}* (1.-PP (J) ) (ITI-11)
335 EggglpaorvL JEP, JY, JC, Y, B, E*, 1.0, PPPW, FPE, 2
1 FP. VH VJ & { . ’ ’ ’ ’ ’ ’ ’
Jr=naiC(J€P )
****JSA%CULAT FAGCAND SE waes
JYN=JY-1
DO 34C J=1, Jym
SEPJJ)=(FP(J* ) =FP (JN) ) /(Y (J+1) =Y (IN))
TAD(J)=VE(J)* (CP (J) /D (J)* (1. ~FP (J) ) -FPP (J) ) *SORT (1. +CA% Y (J))
vn§5§=d1.-rb(3) *(‘ =D {( )*(1.-rp(5f))
340 CONTINUE
FPP av;=0.o
TAU(JY) =31.0
VH ( v&=n.é
CALL INTEG (JE, JD, ¥, PP, y.u, F)
CALL INTEG (JE. JD. Y, VH), Zoi) vH)
SE(I) =F (JE) /VH (JE)
P ST USSRy e pinmns oy e
72 PORMAT (1X, 1HF, 2§1i' {3¥ 6(1x 1beol5f) e Ee Qo
#¥%* TEST FOR CONVERGENCE'CF FP #
IF (LOOPF.GTe1.2ANDeABS (F (JE) ~1) « LT« XT) GO TO 357
349 CONTIRUE
*%%&« END OF INTEEMEDIATE LCOP FOR FP PROFILE *#xx
353 CONTINUE
#¥#x SET BOUNCARY CCKDITICNS CN GP OR GPP %a¥s
IBC=IABS (HOP)
GO TO (BuGi,3%1,352), IBC
351 CONTINUE
3PW (I) =G BC (I)
SPPE=GPP (1)
STR(I)==-GPPW/L (1) *VE3 (1)
GO TO 353
352 CONTINUE
GR (I)=GP (1
GPPW=-GBC (I) *D (1) /VE5 (1)
STR (I)=GBC
IF (I0P.NE.4) GC TO 353
et
= /
353 cenvthot
*%%% TP INPUT PECPILES ARE CORFECT, SKIP GP RECALCULATION *##4
IF (I0OP.LE.3) GO 410
****Gg%LQULATE ChEFPICTENTS AND CALL $FRCEYL FOR GP SOLUTION s
=i a8
po 36> Jg=1, Jy
R(J,1)=-(10-EP(J e
B 121 =gRATY ()= (J))-VP GAMX*Y (J)
I = e
BlJod =-$1.+CA* (J) ) *VEG J)éD J) *RDF
B(J 5)==SHR-1, tn(1)*uz ; T (1)*(VE‘J{/VEG$J; -1.)
D(J)*(1.-FE(J) )* (DE(J) % (1= =FP(J))-D(J) *PPP (I11-12)
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1PE9. 2)

4d IS ,

1PE9. 2,

’

GPP, D, DP
PR, 'PRE, '

)
BH!

WITH $FILE **%#
FP, FPP,
VEG, SHR,
SW, €W _
, st, §TR, ID, JE, JY, JD, JDIV)

§t

NU

NUSSELT NUMBER AT X
YY, F
. VE,’
VW

e, &F

RW
b

%A%Lﬁ
LES AND PARAMETERS

2

4) GO TO 45¢C
2

)(

END OF INITIAIIZATICN, BEGINNING OF FORWARD MOTICN IN X #*¥%
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WRITE (6,91)
381%1 £=3§ X, br I), HT(I) SF (I I), ST(I
R CF -
Gpwfzf, £n¢51§: U(f) "1y, un ﬁ { RwiI;: vqu;I swflgf CW (1)
910 CCNTINUE
HE R
m g
9G1FOR§6£ (4€§3¥, 39HPRINCIPAL BOUNDARY LAYER PARAMETFRS FOR/
91_FORMAT  (//5X,_ 1HX, 8X, 2HDT, 7X, 2HMT, 7X, 2HHT, 5X,
1" 2Hsr, 5%, '2HCF, 6X, 2HST, 7X, 3HGPW, 5%,
2 3pPDR, 7%, 1Hu, 7x, 1M, ux, uHTURB, 5X, 2HRW,
3 8x, 2five, 7%, 2HSW. ux 2ch/g( _
g2 rForMAt (s1Xx) Fels, 1x, 2'(Fs.6, 1 ) v FS.3, 1X,
1 2(F1.5, x), F8.5,"1X, FB8.7, 1%, F8.3. 1X
2 Fe€.3, 1x, rE.3,71%, FB.3,71%, Fb.4,7 7%, FB.5, 1x, F5.1)

A
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Description of the Subroutines

Subroutine VIS calculates the effective viscosity and effective con-

ductivity in terms of the local flow variables. The entire effective vis-
cosity hypothesis for turbulent flow is contained in this subroutine so
that changes can be made without affecting the main program.

In laminar flow T is merely v(n)/US* and Tg is v(n)/UG*Pr. In

turbulent flow given by

§*y [ S(XR)
T =5 T v eX) - X}, (IV-1a)
and
v/, 1 AU
T = + T - , (IV-1b)
g RG*Pr Prt Ré*
where X = Ky /%Eﬁj?ﬁfﬁj/uﬁi + ys/Si. The form of the functions and

is shown in Figure 2. A more complete discussion of this hypothesis is
given in Reference [2].

A functional method of simulating the effects of wall roughness in
turbulent flow is provided which is completely contained in $VIS. Essen-
tially, this method consists of beginning the calculation (y = 0) at a
point S, the effective wall roughness size used by Nikuradse [15],
further out on the effective viscosity function than would be the case
for a smooth wall. The resulting '"law of the wall' velocity profile then
has the experimentally observed behavior as a function of effective rough-
ness size. When the roughness size is large the logarithmic portion of the
velocity profile is simply displaced downward proportional to log Squ/V.
As the roughness is reduced, the correct departure from this behavior is
achieved with an empirical relation.

A correction to the effective viscosity is also provided for the in-
fluence of longitudinal wall curvature. This correction is obtained
through an application of the method used in Reference [16] to compressible

flow. The basic assumption is the advection and convection terms in
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equations (27-30) in Reference [17] are negligible. The result is a set

of four algebraic equations involving the turbulent shear stress and the
three components of turbulent energy. This set can then be solved to

yield an expression for the effective viscosity correction. The correction

takes the form,

Ya y
vyt tyt 2
1-c¢ f[1+ B Y c (1+c ) {1 + XL
v pu'v! u u dpu'v?
vV, = 1-4.0 STV 'l-c
¢ 1-c¢ l1-c¢ 1+ YL (1-c )
u u pav u

(1V-2)

where the terms (p'v'u)/(pu'vf) is evaluated using Reynolds analogy,

ohiu _ u 1 (3h/3y) ]
Tk P, (u/ay) (1v-3)

pu'v'

Finally, a very minimal mechanism for causing transition is provided,
again entirely within this subroutine. This mechanism allows the user to
specify the relative proportions of laminar and turbulent kinematic vis-

cosity which will prevail according to therrelation

T=TT +(1-T)7

turbulent (0<T<1 (Iv-4)

laminar’

In complete laminar flow T = 0 and in fully turbulent flow T = 1,

Classification of Arguments
Inputs: JE, JY, JD, YY, FP, FPP, GP, GPP, D, DP, TAU, VH, VHP,
TURB, SW, CW, SHR, BH, STC, TO, TF, RDT, DT, FJE, PR,
PRT.
Outputs: JK, VE, VEG.
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Subroutine PROFYL controls the numerical solution of the ordinary dif-

ferential equations in the form of (III-7) and (III-8) as described in

Section IIT.

Classification of Arguments
Inputs: JE, JY, JD, Y, B, ET, FPW, FPPW, FPE, IBC.
Outputs: FP, VH, VHP, VHPP.

s JY, JD, Y, B, ET, FPW, FPPN, FPE, IBC,

5
Sn;, VHP (JD), VHPP(JD)

g Catd

Il
A e G

3) GO TOo 1¢0
FPPH+E(1 5))* (Y (2)-Y (1))

O~ (= U
|c|haf>ucr' =

103

(B (3,5) +B (3=1,5)) /20 % (Y (J) ~¥ (3=1) )
IRt AR B A

*B (J,5)-B(J,1) *VHPP (J III-17
va1() O] % )

lom ~
--Cy +
- N

Wl EOND X2 e POy

G NG N P, G0 2o 2 (] [ PO N 1) e, ey, b
T ) N H Ol FI T | i, D ]l |y
1 G & FlaCy
e N\ N\ O~ | G
YN [ R o PR I, )
L s PRV N, , Y

oo
2 HPP (JY=-1)+ (B(JY,S) +B(JY-1,5)) /2. * (Y (JY) =Y (JY-1))

--
MO <OQSdIEs iU dSHGGd T
Nl Dve & { I+~

NHOUZOI I & Wt -] - I O wd O 53y o vy I 50
[T e d Sl (WAL L} PR I T 1 g

G T T

3

J
v
250 Co U

JJ
5% JABS(FP(J)) «GTs 14E~-8) GO TC 341
CONTINUE

W
:J-A
-
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III-19a)
1*¥VHP (J~1) )/ (A2-A1*VH (J-1)) (III-19b)

(J)* (FE(J+1) +VHEP (J+1) ) -VHPP (J) +VHP (J) (III-26)



Subroutine INTEG performs a simple trapazoidal quadrature.

Classification of Arguments

Inputs: JE, JE, Y, FP, FIRST.

Outputs: F.
SUBROUTINE INTEG (JE, T, Y. PP, PIRST, F)
DIMENSION Y (JD), PP (JD), F(ID)
JEM=JE-1
EP2=FP (1)
F1=FIRST
F (1) =F1
DO 110 _J=1, JEN
33 4 S
= +
F1=F¥+i¥{al1)—Y(J))*(FPZ+FP1)/2.
F (J+1)=F
110 CONTINUE
IF (JE.GE.JT) RETURN
DO 120 J=JE. JD
£ (3)=F (IF)
120 CONTINGE
RETURN
END
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Subroutine FILE prints out the profiles and parameters at each x station.

Classification of Arguments
Inputs: LABEL, I, YY, F, FP, FPP, GP, GPP, D, DP, VH, VHP, VHPP,
TAU, VE, VEG, SHR, BH, PR, PRT, X, U, M, TURB, RW, VW,
SW, CW, RDT, DT, MT, HT, SF, CF, ST, STR, ID, JE, JY,
JD, JDIV.
Outputs: NONE.

SUBROUTIHE PILE (LRBEL, I, é gHPP, FPP§ GPﬁngPP, L, Dp,

VA, VAP, VHER, TAU, R, 'BH, PR, ,
2 X0, K, TUFB, ‘Suo&w
3REAE£T DT, HT, ér, 6F, §r, §Tr, ID, JE, JY, JD, JIDIV)
DINENSTON . YYJJB), 513) LABEL e&
DINENSION E(JD)"FE (d 5 PEP (JD B(JD) ¢ GPP(ID) ¢ D(JDL DB (4D)
DIMENST f, ﬁh 4 é vz(bvb BG( é D
1nxuggs§gn x( D), U(ID), oy, {ID), RW(ID) vw(iv), ¥(In),
prnEusioh or (It . BTOD), HT(IDB SF(ID), RDT (ID)
DIMENSION CF(ID), ST TR (ID)
WRITE (6.,10) (LABEL & 18)
WRITE (6,11} X(D, 0( g (f) BDT (1)
WRITE (6,12) TURB(I), ﬁ(I), fw (1) W(I), CW(I)
WRITE (6,13) DT(I), MT(I), HT(I), §P(D), CF(I), ST (I)
WRITE (6.14) BH, PR, PRT, SHP
WRITE (64 2(
Do 10o J=1, JE, JDIV
BB (1 =YY}J’
BB {2) =D (J) * (1. -FP (J))
BB (3} =P (J
BB {4) =FF (J)
BB (5) =FPB (J)
EB (8) =D (J)
3B {1) =GB (J)
BB (8} =GPB (J
BB(9})=TAU{J
BB {10) =VE (J
EE(11)=VH{J
BB (12} =VH Il
B8 }% =gg$J;/D(J)‘(1 FE (J))
BB {13) =VHPP (J)
WRITF (6,21) J, (BB(K), k=1, 13)
10 CCNTINUE
WRITE (6,9)
RETUP N
9 FORMAT (1H1T)
18 PORMAT (1H(, 46X, 27HBCUNDARY LAYER EROFILES FOR ,//26X, 18A4//
11 FPCRMAT (1Hu, 33X, 3HX =, F8,3, 3X, 3HU =, P9,3, 3%, 3uk =, F6.2,
1~ 3x, SHRrY = ﬁpf9.2£
12 rcrMad (145, 2%x, 6HTURE =, FS,3, 4X, 4HEW =, 1PE9,2, bLX,
1" uHyw =, £9,2,°3x, 4HSW =, E9,2, 3%, uHCW =, E9.2)
13 rorMaT (1fc, 35%, ehor =, 1bE9,2, 1X
1 " 4HMT =, £9.z, 1x, uwneut =, F8,5, 1%, u4usF =, E9.2, 1X,
2  4HCF =, F9.2, 1X, UHST =, EO9,2)
14  FORMAT 41ﬁﬂ, 3%, efiur =, 10r9.2, 3X, 4HPP =, E9.2, 3X,
1 5hpRT =, “£9,2, 3X, seSHR =, ﬂeFS.ff
27 PORMAT (1A “uk "1Boc Ex. 2y, 9%, '3Mu/u. 7X, 1HE, EX, 2HFP,
1 7x, 2urpb, 7%, 18b, 8%, 2ucH, ‘6%, 3uGrb, 6%, 3utfau,
27X, 2HVE, 8X, 2H , eX: 2H 8Xy 2H )
21 rporMat ‘(ux,’13,"1x, 4(1PE4.2), %x, 3§9.2, 1x, 3E9.2, 3(3X, ES.2))
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V. PROGRAM OPERATION

Input

Just as the program itself falls into two parts, the input to the
program is best considered in two parts. The first part is the choice
of the method of initialization best suited to a specific problem. Here
the decision is made on the basis of which method best represents reality.
the second part of the input concerns the downstream calculation. There
is considerably more latitude in the specification of how this is to be
carried out.

The input to the initialization section begins with a title,
written in the first 72 columns of the first card. This title is printed

as a label on all of the output produced by the program

LABEk. DESSR. BIIG, CRLCHLATTON,

..... LI N . LI TR LN R T Whnem uuu“-n-n---uuu"uu-unnunnnur'/'n-J

The first group of numerical inputs apply to the distribution of
n points and the input f'(n) and g'(n) profiles. To save the effort on
preparing a large number of input values, provision has been made in the
program to subdivide the input values of n, f'(n) and g'(n). The number
of subdivisions between each input value is specified by JDIV. The total
number of n values which is to follow is JY. JY and JDIV must be such
that the product of JDIV and JY is less than JD. Then the n values are
listed 6 to a card. These are followed by JEF, defining the total number
of profile values FP and the FP values themselves listed 6 to a card.
Finally, JEG, the number of profile values of GP, and the GP values are

specified, also 6 to a card.
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Since the n step size is fixed, the input n spacing, when subdivided
by JDIV, should be adequate to define a profile. In a wholly laminar
calculation the n spacing need not vary appreciably across the layer but
in a calculation with a turbulent portion, smaller spacing should be
prescribed close to the wall than is specified further out, in order to
resolve details both viscous and logarithmic in portions of the law of
the wall region. The outer edge of the boundary layer in n coordinates
will not move in or out appreciably as the calculations proceed downstream
because n has been normalized with &*. However, fineness of n spacing
near the wall will be conditioned by the largest Reynolds number encountered
in a calculation. A few sample calculations should provide the necessary
experience. The samples of n distributions presented in these examples
should cover most cases, however. Finally, for very small x step size,

smaller n spacing will be required throughout the layer.
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In the specification of the initial f' and g' profiles, the require-
ments differ greatly depending on whether the input profiles are to be used
without change or are to be recalculated. If the input profiles are to be
used as they are, some confidence in their compatibility with the initial
pressure gradient is necessary. For a turbulent flow, the profiles must be
well defined in the law of the wall region. If the profiles are known from
experiments, for instance, and as is frequently the case, only the outer parts
are known with confidence, then it is best to supply the required £' points
close to the wall from some of the empirical "law of the wall". On the other
hand, if the initial profile is to be recalculated to obtain a similarity
solution, it may be a rough guess; the calculation of the similarity solu-
tions converge strongly to profiles independent of the input profiles.

The next few cards are concerned with the method of initialization
itself. The variety of situations for which the program has been implemented
is given in the following outline, along with the appropriate sets of input
cards for each. Their theoretical basis has been discussed in Section II.

The first parameter on the first card of each group, IOP, is the
initialization option number as assigned in the following outline. The
second parameter, MOP, designates the method of calculating the total enthalpy
parameter. A table of possible values of MOP is given below. The third con-
trol parameter is DOP. It controls the interpretation of the input data.

The table below describes the use of DOP. Last of all, the parameter IO
must be specified. IO determines whether an axisymmetric flow will be
calculated on the inside (I0 = -1) or the outside (I0 = 1) of the surface.

For plane flow, IO need not be specified.
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FLOW PROPERTIES

NOT VARIABLE VARIABLE

METHOD OF OBTAINING
THE g'(n) PROFILE

-1

h° assumed constant and equal to h;
throughout the layer; g'(n) = 0.0.

g', = GBC = [he - hw(x)]/m; -h,) is the wall
boundary condi%ion imposed on the energy
equation.

g (GBC)dV/Tw = -Strdw/Tw is the wall
boundary condition imposed on the energy

equation where S, = R S . = Lg /[P,

(h%_hr)] for laminar similarity starting so-
lutiomns and §tr = gw/[peU(ne—hr)]

tr
for all others.

TABLE 1la.

The index IBC, the absolute v
the program.

ALTERNATIVE VALUES OF MOP

alue of MOP, also appears explicitely in

INTERPRETATION OF INPUT Uin(I) INTERPRETATION OF INPUT
* * ' LE
u M 3um v Fum £1. (n) PROFI
_ 1 1 X -
1 f in(n) > (U - uw/u
Vv =V
W, W
in
*
_ ' _
2 2 £r.m > (e U - pu)/(p U)
Ve, = (pw/pe)vw
in
TABLE 1b. ALTERNATIVE VALUES OF DOP

*Note that the interchanges marked with an asterisc take place at the

beginning of the program and

thereafter U(I) and f£'{(n) have their

conventional meanings, whereas VW(I) represents (pw/pe)Vw through-

out the calculation for DOP

2.
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THE INPUT PROFILE IS TO BE USED AS 1S,

Laminar Flow

Option 1, initial 6%,

Rg%, and UXG*Z/D are known.

r x| MDP] DDF’L |.

304 00 00 1700 1Y 06 B B 35 M W 24V Jp W 48 & ) b

4 00 B AT ER NN W B D B e M U7 B BRGONI A7 SV AL M M AT M W IO 1 TI TaTY PO TN :'n.J

DT(l) PDT(I)

LR

-

GPC(I)

"W W e

T P P

RH(l)

ISR N T T

Turbulent Flow

Option 2, initiagl 6*,

Ré*, and B are known.

R

LY W R R N R I L R L R AR

R R R R N )

PDT(l)

DN NN Y

T‘l)

[ ®R...L.D
e

L W) ] 1.0

J..GBCEE | RUCL),

l_ YH(1) L

G U STRE e

SHCLY CH¢lo

Option 3, initial 8,

-

Rgws and (Uxé*/U) are known.,

[ 3] moel Do Tl

B Mm MR w el

L R T e R I R R R TR TR ) un-f

oty L RBTC T __’_____L

(O A S

nrn ""-I

LR
ST Y

Lok, ], .,

YHCL)

R TS T A S
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THE INITTAL PROFILE IS TO BE CALCULATED USING THE INPUT PROFILE AS A
ROUGH GUESS,

Laminar Flow

Option &, R = (%-x1) U (xe)Yv_andB in equation (34) are
known. (In this case U?(xy;) 6%(x1) = 0.)

PR L TS O - A - -

T AT T e e ST A T U Y O TS T

LRI X N (IR T MU wwmrw ol oz san.

T O 2 Y O T = A P I T

. % %2
Option 5, initial 8%, Rsx, and U.8"7/v_ are known.

O A S O I A T

ST I O O T A S T O e T A

Turbulent Flow
Option 6, initial 8%, Rg% and B are known.

O O A A I 0 O A

X Lo Lons, Lesey [ R [ s, ]S,
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Option 7, initial 8%, Rg*, and (Uxé*/U) are known.

T L O o T -

R [”_ucn__l. 1.0} SEESL. L, BUS (1) “l_ SucL, cuuﬂ

V2 dA VT e sl unTed A DY RN N0 R TR SRR Y R T R ) R R Y TR R ™ AV TR I R TY TR AT RN LS I R Ty

Only in Option 4 is the calculation actually starting from the beginning
of the boundary layer growth. 1In this case, the position X(I) corresponds
to this initial point where either DT or U should be zero and the simi-
larity laws are used to provide values at X{(2). Therefore, to calculate
a plane stagnation point flow (B = 1.0), for example, U(l) must be 0.0.
Similarly, a Blasius flow (B = 0.0), DT(1l) must be 0.0. RW(1l) may be
either finite or zero depending on the geometry. For the flow starting
at the apex of a cone, RW(1l) will be zero but RW(2) will be nonzero. On
the other hand, a flat plate flow will have all RW values equal to zero,
as described below. Also, in Option 4, VW(1l) must be zero since trans-
piration is mot compatible with the boundary layer assumptions for U°8¥= 0.
Having initialized the calculation, it remains to specify the
information required for the downstream calculations. This is accomplished
with a set of cards each containing the parameters related to an X station.
The first two parameters, X and U must appear on each card. The remainder

need not be specified unless they apply in a particular case.
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The sequence of X values on successive cards define the X spacing
at which calculations will be performed. As in the case of the Y spacing,
there is no mechanism for altering the X step size to maintain accuracy.
The reason for this is that there is generally no need for it. The
numerical method itself is sufficiently forgiving to be accurate over a
wide range of step size., The controlling consideration then is to
represent the mainstream velocity distribution realistically. .But since
this is known, the X steps can be chosen in advance. 1In the case of
layers near equilibrium, steps of the order of many hundreds of displace-
ment thicknesses are possible. On the other hand, if the mainstream
velocity changes rapidly, steps may be small,

The values of U, corresponding to each X, define the freestream
velocity (or Mach number if DOP is negative). U may be in either
dimensional or nondimensional form since it appears only as a ratio in
the calculations.

The third quantity that can be specified is TURB, which indicates
whether the flow is laminar (TURB = 0.0) or turbulent (TURB = 1.,0).

If the flow is laminar, no empirical content is necessary since the
laminar boundary layer equations are complete. However, if the flow is
turbulent, a semi-empirical effective viscosity assumption is necessary
to close the equations. The form of this assumption is given in
Section I and the basis for the assumption is discussed in greater detail
in Reference [2]. TURB also has another function. By changing TURB
from 0.0 to 1.0, either abruptly or gradually over the distance of
several X stations, the effect of transition can be simulated. There
is no mechanism within the program to decide when or how this should be
done . This information must be supplied by the -user, either from
consideration of the boundary conditions or from previous calculation
attempts (see, for instance, [11], Chapters XVI and XVII).

GBC is the wall boundary condition on the energy equation. Various
interpretations of GBC are made according to the value of the parameter

MOP. These are described in Table 1.
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RW is the radius of the wall in a flow over an axisymmetric body. The
units of RW must be the same as those of X. For a planar flow RW may be
left blank, which is treated as an infinite radius of curvature.

It is possible to calculate flows with transpiration or aspiration
by specifying VW = vw(x). VW is positive for transpiration and negative
for aspiration.

Another boundary condition that can be specified is the wall roughness.
This is done in the form of average roughness size, SW = Sy* Again the
units of SW must be the same as those of X.

The longitudinal radius of curvature, CW = .’ in the same units as
X, is the last boundary condition which can be prescribed.

Finally, there are several constants which for clarity have not been
made data inputs, but are set in data statements as the beginning of the
program. The first of these concern the properties of the fluid. They
are the specific heat ratio of the fluid, SHR = CP/CV, the constant, Sc’
in the Sutherland viscosity relation and the moclecular and turbulent
Prandtl numbers, Pr and Prt'

In addition, there are some constants which are set to suit the par-
ticular computer used. The first two of these are JD and ID, which
specify the maximum number of calculation points perpendicular to and
parallel to the wall, respectively. The values given in the listing
(JD = 300, ID = 60) are considerably larger than necessary in most prac-
tical calculations. It is possible that in some cases they may need to
be made larger or smaller depending on the storage capacity of the com-
puter to be used. This may be done by changing the values in the data
statement and also by specifying consistent values in the dimension

statements both of which are at the beginning of the Main Program.
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Output

The primary output from the calculations is a list of the calculated
profiles and parameters that is printed out with the subroutine $FILE for
each X station (see, for example, Table 2c). This output form gives_the
principle input and output parameters at the top. Below these are the
various profiles as functions of J and y/6*. The profiles are identified
with symbols which are for the most part identical and variable names used
in the program (see Notation). The exception is U/U which represents
u/U. The last three columns are not used but are included for the conveni-
ence of the user so that other profiles may be printed out.

The output of the calculation begins with a print-out of the input
profiles and other related profiles which have been calculated from it with
$FILE. The next page begins with a list of the input parameters for refer-
ence. These are identified and are, therefore, self-explanatory. Below
this, in the case that the initial profile is recalculated, is a list of
significant parameters for each iteration indicating, among other things,
the rate of convergence.

There are primary lines of parameters of two types. One records a
calculation by the momentum equation and the other records a calculation
by the energy equation. Thesc different lines may be identified by the
letters F and G, respectively, which are printed on the left-hand
margin of the list. 1In this list of significant parameters, as in the case
of $FILE, the parameters are identified with the same symbols as were use
in the program. The first two are indices of key points on the profiles
which are shown in Figure 3 in Section IV. The next five parameters on
the F line are related to the profile as a whole. FJE is F(JE), the

integral
£(=) = /. £'(n)dn, (v-1)

and FPPW is F'"(0). The three profile parameters on the G line are GPW,
GPPW and DW which are g'(0), g'"(0) and d(0), respectively. Finally,
the recalculated profiles are printed out with 4FILE and this signifies

the end of the initialization.
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The output of the calculation moving downstream consists of two parts.
The first is the list of significant parameters for each iteration as in
the case of the recalculated profile. This time, however, an indication
of the accuracy of the numerical integration along the wall is printed out.
This is done in the form of two pairs of numbers, for the momentum and
energy equations, respectively, one on either side of each equal sign which
correspond to the left and right-hand sides of equations (II-21) and (II-23)
in Section TI. - Closer agreement between each pair of numbers indicates
more accurate integration.

The second part of the output at each X station is the print-out
of the profiles and parameters with $FILE.

Finally, at the end of the calculation for the entire series of X
stations, a summary of the important integral parameters of the flow is

printed out for convenience.
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Illustrative Examples

Two boundary layer calculations have been performed to demonstrate
some of the capabilities of the program.

The first calculation has been made to compare with data measured
by Moore and Harkness [18]. These measurements are for an adiabatic,
compressible turbulent flow on a flat plate at a Mach number of 2.669.
A listing of the necessary input cards for this case is given in Table Z2a,
A sample listing of the various calculated profiles is shown in Table 2c
preceded by a print-out of the iterations which produced it. Finally,
the summary of integral parameters is given in Table 2d.

A comparison between the calculations and the experimental data
for the velocity profile is shown in Figure 5. In addition, direct
measurement of the skin friction was made which provides an additional
basis for comparison. The experimental value of C¢ was found to be
0.000862 whereas, the calculated value is 0.000883.

The other example calculation is for a constant property, turbulent
flow with heat transfer which was one of a series measured by Moretti
and Kays [ 19]. The freestream velocity distribution and wall temperature
distribution for this case are shown in Figure 6. The interesting feature
of this flow is the sequence of step changes in wall temperature which
produces a complex Stanton number distribution.

The input data is listed in Table 3a and the parameter and profile
listing for a sample location is given in Tables 3b and 3c., Table 3d
provides the listing of parameters for the entire flow and Figure 6 shows

the good agreement between the Stanton number calculations and the data.

Identification of Malfunctions

The calculations of the examples above all proceeded smoothly.
However, this may not always be the case. To aid in the diagnosis of
problems that may be encountered, some of the more common difficulties

are discussed here.
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Input Data

Table 2a.
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X = 8,00E 01 U = 1.,00E 0C M

FJE PPPW
GPW GPPW

DD

RN

MCMENTUN
1.0384 = 11,0382

= 2,67E D0 TURB =
VALUES OF IMPORTANT VARIABLES FOR EACH ITERATION

MOORE ANL HARKNESS

1.09 GBC = 0.0 RW = 0.0

DT DTXM PM Qn RM
D¥
1.U2F Sn 1.54E-03 0.0 1.54E-¢3 9,0
1,025 3 1.55E-03 0.7 ].ssg-ca 0.8
1.02F 8% 1.63%-03 0.0 <B3IE-C3 0,
1.02E 60 1.758-03 0,0 1.75E-€3 0.0
2.39%F ot
1.03E 0C 1.88B-03 0.0 1.88E-(3 C,0
1.03F 06 1.96E-03 0.C 1.96E-C3 0.0
2.39E no
ANEC ENERGY EQUATIONS
ENFRGY
1.0221 = 1,790
Table 2b. Moore and Harkness

Significant Parameters for Each Iteration at X = 80
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Moore and Harkness

Table Zc.
Output of profiles by $FILE for X = 80



X

0.0
10, 00000
2. 0N202
30. CO00N
40, goocn
50, 0006G)
60. 00000
8n, 00000

DT

0.876000
N, 894197
Ge917529
0,932355
0,949425
0,973165
0,989569
1.928622

MT

0,275041
0.209625
C.214149
0.218663
0.223149
0.227619
0,232075
2,289

T

= 200033
- NNGLYT
relads
=. 70001
- NG U
-e M:GLH2
-0 42
- I CY3

PRINCIPAL BOUNDARY LAYE
MOORE AND HARKNE

SF CF ST GPY
4,272 9.90091 0.0 Gl 01356
4,265 0,00G91 D0 N.n1351
4,285 0,17091 V0 N.,01347
4,264 0,00730 C.0 0.01345
4,255 0.59089 0.0 0.C1343
4,275 (.05089 0.0 Ca1i134y
4,268 J.00089 0.0 H,01338
4,269 2,0UC88 0.0 0.01334

Table 2d. Moore and Harkness

B PARAMETERS FOR

sS
RDT

26710000,
2653739,
2723254,
2767258,
2817929,
2888376,
2937060,
3052965,

i}

1. 0G0
1.0090
1.000
1,000
1,000
1.600
1.090
1.000

Summary of Important Input and Output
Parameters for Entire Calculation

"

2,669
2,669
2. 669
2.669
2.669
2.669
2.669
2.669

TURB

1.000
1,000
1. 000
1.000
1. 060
1.030
1. 000
1,000

R¥

C.0
Ue0
0.0
C.0
0.0
0.0
0.0
0.0

i

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0

s¥

CcH

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0



Figure 5. Comparison Between a Velocity Profile Measured by
Moore and Harkness [ 18] and the Calculated Profile
Shown With an Unbroken Line. The Calculated Cg
was 0.000873 Which Compares Well With the
Experimental Value of 0.000862.
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INPUT VARIABLES FOR MORETTI AND KAYS, CASE 24

X = 7,852 01 U = 1,00E (0 H = 3,0 TURB = 1.C) GBS = S5.19E~21 R¥W = 0.0 v
VALUES CF IMPORTANT VARIABLES FOR EACH ITERATION
rJE rees DT DTIXM 3] on BM
GP¥ GPPW LW

1.39: (0 -8,85E gc §,CUFE-02 2,3%E=-23 9,.35E-09 2,31B-¢3 2,0
;- 2 00 =8,82E (0 U4,00E-02 2,30B=-03 9,35E-G9 2,37E=-03 32,0
e 19B=-D1 =-1,62E (2 1,00E Of
INTEGRALS OF MOMENTUM ANI ENERGY EQUATIONS
MOMERTUN ENERGY
1.15%81 = 1,058 1.L156 = 1.7175

Table 3b. Moretti and Kays, Case 24
Significant Parameters for Each Iteration at X = 74.5

el

SW = J.0

CR = 9,0




BOUNDARY LAYER PROFILES FOR

MORETTI AND KAYS, CASE 24
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74,500

X
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cY = 0,0

¥W = 0.0
4,198-02 SP
7+80E-41

P¥W = 0.0

DT = 4,04B-02 NT = 3.01E-02 HT

= 3,28E-03 ST = 7.44E-04

1434E 0J CF
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Moretti and Kays, Case 24

3c.

4

i¢c

Tab

i

Output of Profiles by $FILE for X = 74.5



12,70000
15. 30000
15.80000
16. 79999
19, 00000
20. 00000
21.00000
21, 89999
23,00000
24,09999
25,09999
26,20000
27, 09999
28, 09999
29, 09999
30.20000
31, 20000
32,29999
33, 20000
34,29999
35, 39999
36, 39999
37.59999
38, 59999
39,50000
40,50000
41.70000
42,59999
83,59999
44,70000
45,70000
46,70000
47.70000

DT

0,050000
0.054906
0.0558482
0.057498
0.060895
0.062026
0.062192
0.061771
0.061780
0.061980
0.060970
0,158080
0.055431
0,053502
0.053401
0.053086
0,052510
0.052331
0.051730
0.051712
0,051371
€.050677
0.050849
0.051508
0.051635
0.052227
0.052758
0.047757
0, 047535
0.047G42
0.045615
0.044519
0.084154

nT

0,03u340
0.038372
0.038988
0,0u0248
0.0682912
0.043974
0,0644513
0.044307
0,044591
0,0u44906
0.040621
0.042935
0.041149
0.039828
0,039759
0.039564
0.039206
0,039124
0,038662
0,03868C
0,038413
0.038001
0.038046
0,038590
0,038607
0.039124
0.039850
0.,036375
0.,035942
0.035789
0.034759
0.033905
0,033603

HT

0.008031
0.009244
0.009441
0.009836
0,010703
0.011098
0.,011522
0.011863
0.012649
0.014065
0,016520
0,019(C1
0,020797
0.122750
n,024898
0.027113
0.028106
0.0287¢60
0.02€753
0,028970
n,n2918¢
0,629590
0.031259
0.N33238
0.034622
n.C36437
0,039956
0,038755
0.N039392
G,039867
0,039173
0.038363
N,N37949

ST

1.456
1.431
1.432
1.428
1.419
1.411
1.397
1.394
1.385
1.380
1.366
1.353
1.347
1.343
1.343
1.342
1.339
1.338
1.338
1.337
1.337
1.334
1.337
1.335
1.337
1.335
1,324
1.313
1.323
1.315
1.312
1.313
1,314

PRINCIPAL BOUNDARY LAYER PARAMETERS

MORETTI AND KAYS, CASE 24

ce

0.00384
0.,09388
0.00386
0.00386
0,00384
0.0n385
¢.00391
0,00393
0,.,06396
0.03399
0.00408
0,00821
0.900429
N,nau29
U 00U26
0.,00423
G,00421
0.006421
0.C0819
0.00417
n.Ccnu17
(., GNY 15
Q.00409
0.00407
D.C0U92
0.00399
G.00817
0,00418
fra0l23
0 .00418
0.06419
d.00u18
0,20415

ST

0.00302
0.00210
. 00207
0.00206
0.06203
0.00201
0.00223
0.00246
(.06268
C.CU304
0.80336
Ga0G281
. 0N270
n,N026U
0.002484
0.00248
0.00163
n,.0n131
0.C0121
0,00127
G.00166
0.0022¢
0.00265
0enJ243
0.26231
0.00224
¢,.nu213
(.00207
N.00134
0.00101
C.N0U71
0.,00077
(.00089

Table 3d.

Summary of

GPW

N0.21200
0e.21400
0.21400
0.21400
0.21500
0,21500
0.23900
0.28100
9.359929
0.54990)
9496299
C. 98009
3.999C9
4.9990)
02.93700
$.9650G
2469106
Ve 52100
Ve 44803
U. 41500
0.453090
n,58300
0.88233
0,945
049606
fia966CH)
7.93400
0,9341C
0.67702
£,52700
0. 3200
e 39900
0, 3920¢

Moretti and Kays, Case 24
Important Input and Output

RDT

2000.
2215,
2258.
2337,
2502.
2564,
2595.
2611,
2604,
268€,
2683,
2625,
2572.
2547,
2585.
2619,
2639,
2679,
2697,
2744,
2781.
2797,
2861,
2933,
2981,
3050,
3123,
2948,
2998,
3029,
3017.
3021,
3061,

FOR

0

0.300
0,302
0,303
0. 305
0,308
N, 310
0.313
0,317
0.321
0.325
0,339
7.339
1,348
0,357
1,363
Ue 370
0.377
J.384
9. 391
6,398
GL,Uu06
(. 414
Jat22
Go 427
0,433
0,438
0,444
Jo 163
0.473
f,483
0.496
0,509
G.520

9.0
c.C
n.0
G.0
0.0
C.C
0.0
0.0
0.0
.0
340
(.0
¢
Dl
0.0
0.n
Gal:
Je0
Col
0.
LaG
el
00
Coh
(N
Go
0
Got!
A0
[\
0.0
Ge0
0.t

Parameters for Entire Calculation

TORB

1.700
1. 000
1.000
1.000
1.GM
1.C00
1,000
1. 2700
1.000
1.0C0
1. G0
te COQ
1,007
1. 000
1,069
T 000
1.9 14)
1,900
1. HG)
1. 000
1.000
1. 063
1.030
1. 0700
1.902
Te0d)
1e iy
1.00°
T 0™
1. 00y
1,9CH
1.0
1.000

=
=

»
OGS D o 0 0o o0 oo e o

DD D MDD OO 00 S D
a ® s o o )
[~

~

D> o C
¢« o
[ ]

Ued
n, ¢
Vel
(.0
0,0
Gl
¢.C
n.o
Ge9
n.n
C.C
el
()
(]
6.0
C.0
.0

o0

-
=

) o &
2 0 0O 0 O 0 0O VD 00 OO0

D00 OO0 0 9
o o s o

RN BN - - B =
)

=
>4

2,0
R
o0
1,0
D.0
D¢l

J.0
0.0

sw

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0,0
0.0
0.C
2.0
V.0
0.0
0.0
0.0
Ga0
0.0
(%
0.0
Jel
o.C
0.0
N.C
0.0
0.0
G0
0.0
G.0
0.0
U0
0.0

cy

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
.0
0.0
0.0
0.0
0.0
0.0
0.0
C.0
0.0
0.0
0.0
0.0
0.0
0.0
0.C
0.0
0.0
0.0
0.0
0,0
0.0
0,0



8

48,70000
89, 89999
51, 060000
52, 00000
53,09999
58, 00200
55,09999
56. 00000
57. 00000
58, 00000
59.09999
60. 00200
61.09999
62,29999
63.39999
68,20000
65.29999
66.29999
67.39999
68.29999
69. 39999
70.39999
71.50090
72.59999
73.50000
78, 50000

0.,083772
0.084101
0.041889
0.080121
0.038863
0.736996
0.036223
0.035058
0.238401
0,033546
0.03299%
0.032248
0.032040
0.031186
0.030339
¢, 029008
0. 128749
1.128171
0.029259
0. 029875
0.330992
0.032800
0.033305
0.036050
0,03809
0.940396

0.033343
0.033573
0.032092
0.030720
0.029839
0.0208818
29.027828
0.0269484
0.0268427
0.025773
0.025354
n.028738
0.0245488
0.023935
0.023334
0.022291
0.022054
0.0216¢€4
0.022300
0.022467
0.023430
0.024785
0.025123
0.026964
9.028487
0.030139

0.137672
0.039220
0.739380
N. 039855
0.080389
0,086085
0,040898
N,NYL275
0.03959n
N.038438
0.937536
n.J36411
0.036642
0.1736019
0.03€51G
f,035898
0.0364812
N.036072
0.137091
0,037177
0.737859
0.039235
0.038847
0,.080218
0.081246
n. 081888

1.313
1.318
1.305
1.306
1.362
1.302
1.302
1.301
1.302
1.302
1.3M
1.308
1.365
1.303
1.300
1.371
1.308
1.36¢
1.312
1.312
1.323
1.323
1.326
1.337
1.337
1.340

G. 07411
0 NOU13
0.00416
0,00420
5.,00425
0,00u28
0,00826
0,70422
01.00421
0o 00417
0,02016
0.00812
N4 19
n.C0408
0,300813
LTk
0, 00409
0,€0399
0.00392
0.00381
0.00369
0.920362
0.,00352
£.03343
0.0N334
0.00328

0.,00152
0.00230
0,00206
0.0¢209
5.06197
0.NC194
0.90185
0.90386
0.0N0039
0.00623
0.30932
el CO6C
fafi138
06.00206
L0190
9.0n182
C.NP175
0.07161
0.10167
0,00160
NN015¢
0.99149
0.20180
0.70146
0,00187
G.00378

Table 3d.

0, 47600
0,75400
0,79900
3.88700
0, 84000
N, 84600
0.82300
0,56807n
2., 42200
0.35700
3. 23500
e 3470%
fi, 486040
0.6990)
N.7515¢C
0,75700
N.75600
N.72839
01, 74800
N.74820
072000
V. 71500
n, 690060
de 0400
0,718090
0.51909

(cont.)

3n99,
3187.
3133,
3113,
3194,
3058,
3091,
Ings,.
3119,
314n.
3189,
3212.
3289,
3326,
3357,
3326.
3811,
3455,
3667,
3773,
an2s,
4286,
4u36,
4807,
5079,
5386,

0.531
N.582
0,561
0,580
74599
0,620
0, 6480
1,660
3,680
N.702
Ge 725
0,747
0,770
v.800
0,830
C.86"
92,892
0,920
fa94G
0,960
0,974
6,.98C
9,999
1,060
1,000
t.0N0

N.C
0.t
el
U,
r.0
(4
(a0
N
0.C
0,0
NG
G0
({1
Gol
[FYH
[ 4
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Figure 6. Comparison Between a Stanton Number Distribution
Measured by Moretti and Kays [19] on a Cooled Flat
Plate, and the Calculated Stanton Number Distribu-
tion Shown with an Unbroken Line. Also Shown are
the Experimental Velocity Distribution and Wall
Temperature Distribution Which Were Used for the
Calculations.



The most common of these is simply that the -solution does not converge.
Indications that this has happened appear in the numbers printed out during
the sequence of iterations. To begin with, FJE should be between 0.995 and
1.005. Also, FPPW and GPPW or GPW should have changed by less than 1/2%
between the last two iterations for satisfactory convergence. Lack of con-
vergence may result from a number of causes some of which will be described
below.

The other important pattern of calculation failure is unjustified separ-
ation. This can be recognized by the fact that FPPW becomes positive, in-
dicating a negative wall shear stress, and/or FJE becomes negative. Unjus-
tified separation frequently occurs when the boundary layer is near actual
separation. If one jteration behaves as if the separation point has been
overstepped, then it is difficult for the calculation to recover.

Both of these malfunctions usually can be traced either to an actual
error in the input data or to a poor choice of the X step size. In the
latter case, the step size 1s too large if the shape factor is changing by
more than about 5%. On the other hand, if the numbers on either side of
the equal sign representing the INTEGRALS OF MOMENTUM AND ENERGY EQUATIONS
are very close to 1.0000, then, if possible, the step size should be made
larger for efficiency.

Uther possible causes may be choices of boundary conditions which are
incompatible with the assumptions used to derive the basic boundary layer
equations. For example, the program will not calculate a boundary layer
with a step change in freestream velocity or transpiration with vw/U near
0.1. A radius of curvature in axial flow which is smaller than the boundary
layer thickness may also give trouble, and very large roughness elements of

the order of sw/6* = .1 will not work for obvious. reasons.
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